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Abstract 

It is well-known that (A^, M) 5-branes of type IIB supergravity form a non-threshold bound 
state with (A^', M') strings called the (F, Dl, NS5, D5) bound state where the strings lie along 
one of the spatial directions of the 5-branes ( |hep-th /9905056 ) . By taking low energy limits in 



appropriate ways on this supergravity configuration, we obtain the supergravity duals of various 
decoupled theories in (5+1) dimensions corresponding to noncommutative open string (NCOS) 
theory, open D-string (ODl) theory and open D5-brane (0D5) theory. We then study the 
SL{2, Z) transformation properties of these theories. We show that when the asymptotic value 
of the axion (xo) is rational (for which xo can be put to zero), NCOS theory is always related to 
ODl theory by strong-weak or S-duality symmetry. We also discuss the self-duality conjecture 
( hep-th/0006062| ) of both NCOS and ODl theories. On the other hand, when xo is irrational. 



we find that SL(2, Z) duality on NCOS theory gives another NCOS theory with different values 
of the parameters, but for ODl theory SL(2, Z) duality always gives an NCOS theory. SL{2, Z) 
transformation on 0D5 theory reveals that it gives rise to Little String Theory (LST) when xo 
= rational, but it gives another 0D5 theory with different values of the parameters when xo is 
irrational. 



1 Introduction 



Dynamical theories without gravity appear as particular low energy limits, known as de- 
coupling limits, in string/M theory ^. These are either local field theories or non-local 
theories with or without noncommutative space-space and/or space-time structures in 
diverse dimensions having 16 or less supercharges and depend upon the kind of string/M 
theory vacua chosen and how the low energy limits are taken. Examples are the classic 
AdS/CFT correspondence of Maldacena and their variations [|I|. Low energy string/M 
theory in some sense plays complementary roles to these dynamical theories on the branes 
and vice- versa and has been proved to be quite fruitful in the recent past. These gener- 
alized correspondences are believed to shed light on QCD-like theories and in turn will 
help us to have the eventual formulation of M theory. 

One such correspondence is obtained by considering a particular type IIB string theory 
vacuum consisting of D5-branes in the presence of an electric field along the brane 
The corresponding supergravity solution is described by (F, D5) bound state where 
the fundamental strings lie along one of the spatial directions of D5-branes. The low 
energy limit or the decoupling limit is taken in such a way that the electric field attains 
a critical value and almost balances the tension of the F-strings. The resulting world- 
volume theory on the brane decouples from the bulk closed string modes and becomes a 
non-gravitational non-local theory known as the NCOS theory in (5+1) dimensions. The 
(F, D5) supergravity solution in this limit becomes the supergravity dual description 
of NCOS theoryQ 

By S-duality of type IIB supergravity (F, D5) solution goes over to (Dl, NS5) solution 
IP, |l^, so it is inferred that NS5-branes in the presence of a near critical RR 2- form 
field strength would similarly give rise to another decoupled non-local theory called the 
ODl theory in (5+1) dimensions |Q. Here also, in the low energy limit, the 2-form 
field strength attains a critical value which almost balances the tension of D-strings and 
the resulting theory on the NS5-brane decouples from the bulk closed string modes and 
contains fiuctuating light open D-strings in its spectra. The (Dl, NS5) supergravity 
solution in the decoupling limit 0, [Tl|, |l^, describes the supergravity dual of ODl 
theory. 

It is known that these two theories are related by strong- weak duality symmetry 
where the coupling constant and the length scales in these two theories are related by 
Gl = 1/Gq(^-) and = Glf^^^a'^g. By taking further limits Gl oo, a^g — > with 
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0(1) 



a'esGl = fixed in NCOS theory, which amounts to taking Gq^) 0, = fixed in 



^NCOS theory in (3+1) dimensions has been obtained in ||. 
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ODl theory both these theories reduce to Little String Theories |T5|, |T^, |T^, 0. Thus 
both these theories have (5+1) dimensional Lorentz invariance and reduce to Yang-Mills 
theory at low energies with coupling constant gyu = (27r)^Goaeff — (27'")^tteff- view of 
this observation, it was conjectured 0] that ODl theory with coupling constant 6*0(1) and 
length scale may be identified with (5+1) dimensional NCOS with coupling constant 
Go = Go{i) and = aefr/^o{i)- Since ODl and (5+1) NCOS are S-dual to each other, 
so the above observation leads to the self-duality conjecture of both the theories. 

By applying T-duality on (Dl, NS5) solution along all directions transverse to D- 
strings and parallel to NS5-branes, it is easy to see that ODl decoupling limit leads to 
0D5 decoupling limit [Q. In this case, an RR 6-form field strength attains the critical 
value and almost balances the tension of D5-branes on NS5-branes leading to 0D5 theory. 
The (NS5, D5) bound state solution in the decoupling limit describes the supergravity 
dual I, [1|, |19| of 0D5 theory. 

In this paper we will consider an SL{2, Z) invariant type IIB string theory vacuum 
of the form (F, Dl, NS5, D5) which is a non-threshold bound states of (A^, M) 5-branes 



with the {N',M') strings of type IIB supergravity [^. The reason for choosing this 



SL{2, Z) invariant bound state is that it will lead to the supergravity dual of various 
decoupled theories in (5+1) dimensions where the full SL{2, Z) transformation group of 
type IIB supergravity can be applied. This is in contrary to the special case bound states 
(F, D5) or (Dl, NS5) where only the strong- weak duality behavior can be understood. 
It should be emphasized that NCOS, ODl and 0D5 theories obtained from this general 
supergravity configuration are different from those obtained from (F, D5), (Dl, NS5) and 
(NS5, D5) separately in their field contents and therefore the decoupling limits are also 
modified. Also, the self-duality conjecture can be better addressed in the general SL{2, Z) 
invariant supergravity solution. The purpose of this paper is to illustrate the relationships 
between various decoupled theories under the general SL{2, Z) transformation of type IIB 
supergravity from the gravity point of view. 

We will show here that starting from (F, Dl, NS5, D5) bound state how all the 
three decoupling limits discussed above can be obtained from this single supergravity 
configuration and study their SL{2, Z) transformation properties^. Note that in this 
bound state strings lie along one of the spatial directions of the 5-branes and this solution 
preserves half of the space-time supersymmetries of the string theory. The supergravity 
solution corresponding to this bound state was constructed in [|^. It was mentioned 
there that the charges of the strings and 5-branes are not independent, but are given 
'^SL{2,Z) transformation on the decoupling limit of (F, Dl, D3) bound state has been studied in 
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as {N',M') = k{p,q) and {N,M) = k'{—q,p) where {k,k') and {p,q) are two sets of 
relatively prime integers. So the number of NS5-branes are |A^| = k'q (henceforth we 
will call this simply as A^) and the number of D5-branes are M = k'p in this bound 
state. In the special case, when q = and p = 1, we get (F, D5) bound state and 
when p = 0, g = 1, we get (Dl, NS5) bound stateQ. We will first briefly review how 
the (5+1) dimensional NCOS theory and the ODl-theory are obtained as the decoupling 
limit on these two special bound states. Then we will show that under S-duality the full 
supergravity configuration of NCOS theory gets mapped to that of the ODl-theory, if we 
identify the parameters of these two theories in a particular way, showing that these two 
theories are related by strong-weak duality symmetry. Then we will take the full (F, Dl, 
NS5, D5) bound state for the case where the asymptotic value of the axion (xo) present 
in this theory is rational, which can be put to zero and show how both NCOS-limit and 
ODl-limit can be taken from this configuration. Even though the field content of the 
supergravity configurations are different, we again find that under similar identification 
of parameters, S-dual NCOS theory gets mapped to ODl-theory. So, the same conclusion 
holds even for this more general NCOS theory and ODl theory. One of the motivations 
for considering NCOS and ODl limit for this more general solution was to see whether we 
can understand the self-duality conjecture]^ of both (5+1) dimensional NCOS and ODl- 
theory mentioned earlier. As we have already mentioned, the self duality of either the 
(5+1) dimensional NCOS theory or ODl theory means that we should be able to identify 
the ODl theory with coupling constant Go{i) and length scale a^g with the NCOS theory 
with coupling constant Go = Go{i) and length scale a'^g = a'^g/Glf^^y If we can identify the 
corresponding supergravity duals of these two theories with the above identification, then 
it will lend support to the self-duality conjecture [Q. We will show that under appropriate 
identification of the parameters along with a condition the two supergravity configuration 
can indeed be identified. However, a closer look at some of the conditions required for the 
identification reveals that it can only be made in the range of the energy parameter in 
the NCOS theory where the dilaton blows up, i.e. where supergravity description breaks 

■^It is also possible to obtain (NS5, D5) bound state of charges {—q,p) for fc = and fc' = 1 and (F, 
Dl) bound state with four isometries (along x^, x^, x^, directions) and charges {p,q) for k' = Q and 
k — 1 from this general bound state. However, because of the charge relation given before, it is not 
possible to obtain (F, NS5) and (Dl, D5) bound state from here pOt . 

Indeed we have seen in |^ (see also ^ ) that the self-duality of OD3-theory can be shown from 
an SL{2, Z) invariant bound state configuration (NS5, D5, D3) of type IIB supergravity. We obtained an 
0D3 decoupling limit for this solution and have shown that under S-duality, it gives rise to another 0D3 
theory with the same length scale as the original 0D3-theory and the coupling constants are related as 

^0(3) = 1/^0(3) ■ 



4 



down. This may be an indication that the self-duahty conjecture of either of these theories 
cannot be tested at the level of supergravity dual and some non perturbative techniques 
may be required. 

We then study the general SL{2, Z) transformation property of both NCOS theory and 
the ODl theory for the SL{2, Z) invariant configuration when the asymptotic value of the 
axion is irrational. Here we find that under a generic SL{2, Z) transformation an NCOS 
theory always gives another NCOS theory with different values of the parameters. We give 
relations of the coupling constant and the length scales of the SL{2, Z) transformed NCOS 
theory in terms of those of the original NCOS theory. However, the story is different for 
ODl-theory. For ODl theory we find that even for the generic SL{2, Z) transformation 
ODl-theory reduces to NCOS theory with rational Xo- Since NCOS theory with rational 
Xo is mapped to ODl theory with rational xo under S-duality, so it shows that ODl 
theory with irrational xo is equivalent to the same theory with rational xo- So SL{2, Z) 
transformation in this case does not give any new information. 

Finally we also obtain an 0D5-limit in the general SL{2, Z) invariant supergravity 
configuration (F, Dl, NS5, D5). Here we find that for rational Xo, 0D5 theory goes over 
to Little String Theory under S-duality of type IIB supergravity. However for irrational 
Xo; the general SL{2, Z) transformation gives another 0D5 theory with different values 
of the parameters. The explicit relations between the parameters in the two 0D5 theories 
are given. 

The organization of the paper is as follows. In section 2, we give the supergravity 
configuration of (F, Dl, NS5, D5) bound state. We briefly review the NCOS limit and 
the ODl-limit for the special cases of (F, D5) and (Dl, NS5) configuration in section 3. 
Here we also discuss the S-duality between NCOS and ODl-theories. In section 4, both 
NCOS and ODl-limits are obtained for the general (F, Dl, NS5, D5) bound state when 
Xo is rational. We discuss the S-duality as well as the self-duality of either NCOS or ODl 
theory at the level of supergravity dual. The general SL{2, Z) transformations when xo 
is irrational is discussed in section 5. The 0D5-limit and its SL(2, Z) transformation for 
both the cases when xo is rational as well as irrational is discussed in section 6. Our 
conclusion is presented in section 7. 



2 The (F, Dl, NS5, D5) bound state 



The supergravity configuration of this bound state was constructed in |2^. Note that the 
metric in was written in Einstein-frame which asymptotically becomes Minkowskian. 
Also the solution was written for xo = 0. We here rewrite the solution with the metric 
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in string frame such that the string frame metric becomes asymptotically Minkowskian 
with an appropriate scaling of the coordinates. Also, we write the solution for xo 7^ 0, by 
an SL{2,R) transformation on the solution of The configuration is, 



H-\-{dxy + (dx^y) + H'-^ Y.idx'f + dr^ 



r^d^l 



i=2 



X 



K Xo = y Xo, 



gsH" g. 
Fns = sin ip sin ipdH^^ A dx'^ A dx^ + 2 cos cos ip 63 



RR 



Xo 



coto9\ . , . , 7 1 , f tanip\ ^ 

\ smip sm(p dH A dx A dx — 2 cos -i/^ cos (/? Xo H WsCs, 

9s J \ gs J 



(1 - H'-^) dx^ A dx^ A dx^ A dx\ 



(2.1) 



Note from ( |2.1|) that the strings lie along x^ direction and the 5-branes lie along Ob ^ Ob J Ob tj Ob ^ Ob 
directions. Also r = J xl + x^ + x\ + xl, dVt^ = dO'^ + sin^ Odcpl + sin^ 6 sin^ (pidcpl is the 



line element of the unit 3-sphere transverse to the 5-branes and is its volume form. 
gs = e'^° is the string coupling constant, x is the RR scalar (axion), F^s and Frr are 
respectively the NSNS and RR 3-form field strength. C4 is the RR 4-form gauge field 
whose field strength is self dual. The Harmonic functions H, H', H" are given as. 



H 
H' 
H" 



1+ 

cos^ jjQ^ 



1 + 



cos^ ipQz 



where the angles are defined as. 



cos (f 



k' 



(2.2) 



(2.3) 



Here (p, q) and (fc, k') are two sets of relatively prime integers which appear in the integral 
charges of (F, Dl, NS5, D5) system as (A^', M', A^, M) = (kp, kq, -k'q, k'p). Note that the 
number of NS5 branes is |A^| = k'q and D5 branes is M = k'p. The form of in ( |2.2| ) is 
given as 



(2.4) 



Note that Q5 can be expressed in terms of the angles as follows 

Na' (M - xoA^) gsoi' 



Q5 



cos if COS 



sin (f cos ijj 



(2.5) 
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We will also use these forms of while discussing ODl and NCOS limits later. We 
note here that among the angles given in (|2.3|) , cosip is SL{2,Z) invariant, but cos<y9 is 
not. Also is SL{2, Z) invariant. Therefore while the harmonic functions H and H' 
are SL{2, Z) invariant H" is not. The RR 4-form in ( |2.1| ) is SL{2, Z) invariant but the 
other fields change under SL{2, Z) transformation. These will be useful when we study 
the SL{2, Z) transformation of various decoupled theories. 



3 NCOS and ODl limit in the special cases and S- 
duality 

We have already mentioned in the introduction that we can obtain (F, D5) bound state 
and (Dl, NS5) bound state as special cases from the general bound state (F, Dl, NS5, 
D5) given in the previous section. It is clear that when the integers q = 0, p = 1 and 
Xo = 0, we get (F, D5) bound state with charges (fc, k') and similarly when q = l,p = 
along with xo = we get (Dl, NS5) bound state with charges {—k',k). We will review 
the NCOS and ODl decoupling limits for (F, D5) and (Dl, NS5) bound states repectively 
and show that the supergravity dual of NCOS theory gets mapped to that of ODl theory 
by S-duality. This has already been discussed in [^, but we will show the full mapping 
including the NSNS and RR gauge fields. 



3.1 (F, D5) solution and NCOS-limit 



When q = 0, p = 1 and Xo = we find from ( |2.3| ) that cosip = 0. Therefore, H" = 1. In 
this case (F, Dl, NS5, D5) configuration in ( p.l|) reduces to (F, D5) solution and is given 

as, 

5 



H-\-{dxy + {dx^f) + H'-^ Y.(dx'f + dr^ + r^d^l 



i=2 



= gsH-^'\ X = 0, 

Fiqs = smijjdH'^ A dx° A dx^, 
_ 2cos^ 

^RR — VS^S, 



9s 



9s 



1 - H'~'^) dx^ A dx^ A dx"^ A dx^. 



From the second expression of (|2.5|) we find the form of as 

Mg^a' 



Q5 



COSlp 



(3.1) 



(3.2) 
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and so the harmonic functions have the forms (see eq.( |2.2| )) 

Mg,a' 



H = 1 + 



cos-i/r 



2' 



H' = i + S^^i^, (3.3) 

where M is the number of D5-branes. The NCOS decouphng hmit [^] can be summarized 
as follows. We define a positive, dimensionless scaling parameter e and take cosip = e — > 0, 
keeping the following quantities fixed, 

"eff = — . Gl = eg,, u = (3.4) 

In the above is the coupling constant, is the length scale and u is the energy 
parameter in the NCOS theory. Under this limit, the harmonic functions in (|3.3|) reduce 
to , 

H=^^, H' = -^, (3.5) 

where we have defined = a'^^/MGl and h' = 1 + a?v?. Then the supergravity configu- 
ration in ( p.l|) take the forms 

~ u ^ ^ 



1=2 



ds^ = eh'^'^au 

e'*' = Glau, 

Bqi = ea^u^, 

Frr = -2eMa^ge3, 

= e'/iGlh'). (3.6) 



In the above we have defined the fixed coordinates as 



X 



v^x°'\ x^'-'^ = ^x^'-'l (3.7) 



Note that this is precisely the (5+1) dimensional NCOS limit given in 0]. Also Bqi 
in ( |3.(j| ) is the NSNS 2-form potential in component form and C2345 is the RR 4-form 
potential in component form. ( |3.6| ) describes the supergravity dual of (5+1) dimensional 
NCOS theory. The gravity dual description is valid as long as e"^ <^ 1 and the curvature 
measured in units of a' remains small. 
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3.2 (Dl, NS5) solution and ODl limit 



The (Dl, NS5) solution can be obtained from (|2.1| ) when g = 1, p = and also xo = 0- 
In this case cosip = 1 (from (|2.3| )) and therefore from ( p.2|) harmonic functions H = H" . 
This solution now takes the form, 

5 



H-\-{dx^f + {dx^f) + H'-^ Y.idx'f + dr^ + r^dVt, 



= gsH^'\ X = 0, 
Fns = 2cosV'Q5e3, 

- SinV' ,:r^ 1 , n ,1 



9s 
9s 



(l - H'-^) dx^ A dx^ A rfx^ A dx^ 



(3.8) 



To avoid notational confusion we have denoted the fields of (Dl, NS5) solution with a 
'bar'. Now from the first expression of ( |2.5| ) we have the form of as 

Na' 



cosip 



and therefore the harmonic functions in (|2.2|) are given as 

cos ipNa' 



H' = 1 + 



(3.9) 



(3.10) 



cos ^pr^ 

where N is the number of NS5-branes. The ODl decoupling limit is obtained by defining 
the positive scaling parameter e and taking cos ip = e ^ 0, keeping the following quantities 
fixed 

.2 9s 



«eff 



a' 



God 



(1) 



u 



ea' 



(3.11) 



off 



where a' = a'/Gl(^^y In the above is the length scale, G^^^-) is the coupling constant 
and u is the energy parameter in the ODl theory. In this limit the harmonic functions in 
( p.lOp are given as 



H 



H' 



(3.12) 



where we have defined = a'^^^/ {NGl^y^) and /' = 1 + c^v?. The supergravity configura- 
tion in (|3.8|) then takes the form. 



cu 



-{dxy + {dx^f + /'-I jzidx'f + [du'' + u'^d^, 

i=2 



Fns = 2eNGln)a',se3 



,„2~2 

01 



Cm = ec^u^ 



C2345 = e'G^(i)//'. (3.13) 
In the above we have defined the fixed coordinates as, 

= x'-' = -^x'-'. (3.14) 

Co(i) e(jo(i) 

Here Cqi is the RR 2-form potential in the component form and C2345 is the RR 4-form 
potential in component form. Eq.( p.l3| ) describes the supergravity dual of ODl theory. 

3.3 S-duality between NCOS and ODl theory 

In this subsection we will show that under the S-duality of type IIB supergravity, the 
gravity dual configuration of NCOS theory gets mapped to those of ODl theory. Note 
that the S-dual configuration of NCOS theory would be given as 

ds^ = e-^ds^, 

Fns = —Frr, 
Cqi = Bqi, 

C2345 = ^2345- (3.15) 

Using these we get from ( |3.6| ) the S-dual supergravity configuration of NCOS theory as. 



ds' 



Gl 



1 



Glau 
Fns = 2eMa'^f,es, 
Cqi = ea^u^, 

C23,5 = ey{Glh'). (3.16) 



Here x*^'^ and x^' "'^ are the same as given in (|3.7|) . Comparing ( p. 161) with the field in ODl 



theory given in ( p.l3| ) we find that they match exactly with the following identification 



h' = /', Gl = —2—5 "eff = G'o(i)"cfr5 M = N, 

<^o(l) 

and 5°'i = a;°'\ x^'-^^ = x^'-^\ (3.17) 
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The first condition in ( p.l7| ) implies 

aV = c^u^ u = -J—. (3.18) 

^o{l) 

This gives a relation between the energy parameters in NCOS theory and ODl theory. 
Thus we find that the coupling constant and the length scales in these two theories are 
related as given in ( p.lTj) showing that these two theories are S-dual to each other. From 
the coordinate relation given in ( p. IT] ), it is clear that the coordinates of the gravity 
dual configurations of NCOS theory (x°'^'-'5(NC0S)) and ODl theory (x°'^'-'^(ODl)) 
have a relative scaling of the form x°'^'-'^{NCOS) = 1/(^0(1) v^)x°'i' -'^(ODl). Simi- 
larly, the radial coordinates in these two theories also have a relative scaling r(NCOS) = 
l/(Go(i)A/e)r(ODl) as can be seen from ( p. 41 ) and ( |3.11| ) if the parameters in these two 
theories are related as in (|3.17|) and ( p.lSj) . The reason for this can be traced back as 
follows. Note that the metric for both (F, D5) and (Dl, NS5) supergravity configuration 



given respectively in ( |3.1| ) and ( p.8| ) are asymptotically Minkowskian and we have taken 
decoupling limits on them. However, when we take S-duality on the gravity dual of NCOS 
in (|3.15|) , the S-dual metric {ds"^) is not asymptotically Minkowskian, since, as usual, we 
have absorbed a factor of Qs in ds'^ in the r.h.s. of the metric expression in ( 3.15 ). So, to 
compensate this effect we have to multiply a g^^^"^ = \^/Go{= \^Go{i)) on the NCOS co- 
ordinate while the ODl coordinates remain the same. We note by comparing the gravity 
dual configurations of NCOS theory in ( p.6| ) and ODl theory in ( p.l3| ) that they cannot 
be identified with the parametric relations Go = Go{i) and = a'^^/Glf^-^^ and so the 
self-duality conjecture of (5+1) dimensional NCOS and ODl cannot be tested at the level 
of gravity dual. We will mention more about it in the context of full (F, Dl, NS5, D5) 
solution in the next section. 



4 NCOS and ODl limit for (F, Dl, NS5, D5) bound 
state with rational xo ^ind S-duality 

In this section we consider the full (F, Dl, NS5, D5) supergravity configuration with 
rational xo- When xo is rational we can always make an SL{2, Z) transformation such 
that Xo vanishes. Therefore, we will take the supergravity configuration (|2.1|) with xo = 0. 
We will obtain both the NCOS limit and ODl limit for this configuration discussed in 
the previous section. We will show as in the previous section that the supergravity dual 
of NCOS and ODl get mapped to each other under S-duality. We will also comment on 
the self-duality of (5+1) dimensional NCOS theory. 
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4.1 (F, Dl, NS5, D5) solution and NCOS limit 



The NCOS limit for the (F, D5) solution is given in ( p.4| ). In that case cos(p = 0, but 
here we will take cos (p to scale as 

cosy? = le, (4.1) 

where / is a finite parameter such that le — 0, but |/| obviously has to be less than 1/e. 
So eg. ( p. 41) along with ([4.1|) define the NCOS limit in this case. The harmonic functions 
( p.2|) in this case take the forms, 

H = 1+ ^ 



cos ijj sin (pr'^ ' 
cos ipMgga' 



H' = 1+ . „ 

sm 93r^ 

(4.2) 



n = IH — ^, 

cos ip sm (yjr"^ 



where we have used the form of in (|2.5|) . Here M = k'p denotes the number of 
D5-branes. Now in the decoupling limit ( |3.4| ) and ( |4.1| ) the harmonic functions reduce to 

1 , h' „ h" 

In the above = a'^ff/{MGl) as in ( ^ and /i' = 1 + a^w^, but = a;,g/(MG'2/2^ ^^^^ 
h" = 1 + cPu'^. We thus have a/a = 1 and aa = ^^^/(MG'^Z). Using the decoupling limit 
and eg. (^73|) , we find that the full supergravity configuration (eg.( |2.1| ) with xo = 0) reduce 
to. 



-{dxy + {dx^ + h'-' y^idx'f + M^j^ (du' + u'dQ' 



i=2 " 



au au ' lh"G1^ 

Boi = eaW Fms = 2elMGla'^^e^, 

Coi = e^T^a^M^ Frr = -2eMa'^^e^, 

C^2345 = ^V{Glh'). (4.4) 

In the above the fixed coordinates xO'^'---'^ are again as given before in ( p.7|) . Note from 
eg.(|2.1|) that NSNS and RR 3- form field strengths have two parts each, so in ( [4. 4] ) Bqi 
and Coi denote respectively the 01 components of NSNS and RR 2- form potentials. The 
other parts F/v5 and Frr are kept as it is. C2345 is the 4-form potential in component 
form. Eg.(4J) represents the gravity dual description of NCOS theory. 
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4.2 (F, Dl, NS5, D5) solution and ODl limit 



The ODl limit for the (Dl, NS5) solution is given in (|3.11|) . In that case the angle 
cosip = 1 i.e. simp = 0, but here we will take sinyj to scale as, 

sin ip = le, (4.5) 

where / is another finite parameter such that /e — 0, with |/| < 1/e. So, eq.( p.llj ) along 
with ( [4.5| ) define the ODl-limit in this case. The harmonic functions ( |2.2| ) for this case 
take the forms, 

Na' 



H 
H' 
H" 



1 + 
1 + 
1 + 



cos '?/' cos v^r^ ' 
cos ipNa' 
cos ipr'^ ' 
cos ipNa' 



(4.6) 



cos V^r^ 

where we have used the form of in eq ( |2.5| ). Here = k'q represents the number 
of NS5-branes. In the ODl decoupling limit given by eq.( 3.11| ) and ([4.5| ), the harmonic 
functions in ( [4. 61 ) reduce to 

/' 



H 



1 



H' 



H" 



1 



(4.7) 



In the above = a'^^/i^NGlf^-^-^) as given before and /' = 1 + c^v?. Using this, the full 
supergravity configuration (eq.(p.l|) with Xo = 0) takes the form. 



(1) 



CU ' 



-(da;")' + {dx^f + + 



i=2 



V? 



(du^ + u^dnfj 



X 



^1(1 



Bqi = 
Cqi = 

C2345 



J 7 (^2 2-2 



(1) 

Fns 



2 ~2 

ec M , 



2e/iVa;ffe3, 



(4.^ 



Here the fixed coordinates, ■ '^ are the same as defined before in ( p.l4|) . So eq. ([4.8| 
represents the gravity dual description of ODl theory. 



4.3 S-duality between NCOS and ODl theory in general case 

We have obtained the gravity dual configurations of NCOS and ODl theory from the 
decoupling limits on the same supergravity solution (F, Dl, NS5, D5) in eqs ( [4.4|) and 
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( [4.8| ). In this subsection we will show that these two theories are related by S-duality 
even for these more general NCOS and ODl theories. The S-dual configuration of NCOS 
theory would be given as 



ds^ = 


\X\ds^ 


e^ = 


A|V, 


Bqi = 




Cqi = 




C2345 


= C2345 



X 



X 



lAI 



Fns — ~Frr^ 
Frr = Fns, 



(4.9) 



where |A| = yX^ + e^^*^. As before here also we have absorbed a factor of |Ao| ^ in ds"^ 
on the r.h.s. of the metric expression in ( [4.91 ). The value of |A| can be calculated from 
(0) and has the form |A| = l/(/G'2/i"V2)_ 

we find the S-dual configuration of NCOS theory as, 



So, using 

ds^-- 



and 



1 



i=2 



Glau ' 



X 



-IGl, 



Bqi = 
Cqi = 
C2345 



2 2 

-e"— a u 



2 2 
ea u , 



Fns = 2eMa^ge3, 
Frr = 2dMGla',se3, 



Glh'' 



(4.10) 



By comparing the S-dual NCOS configuration ( [4.10 ) with the ODl configuration given 
in (O), we find that all the fields indeed match exactly with the same identification of 
parameters ([3.17[) and ( [3.18[) along with an extra condition 



(4.11) 



This therefore shows that under S-duality the gravity dual configuration of NCOS theory 
gets mapped to that of ODl theory. So, indeed these two theories are related by strong- 
weak duality symmetry. 



4.4 On self-duality of (5+1) dimensional NCOS or ODl 

We have already shown in the previous subsection that for the general case NCOS theory 
is S-dual to ODl theory with the parametric relations = 1/6*0(1) a'^^ = G^^^^cigg. 
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So the strongly coupled NCOS theory gets mapped to the weakly coupled region of ODl 
theory and vice- versa. However, in order to show the self-duality of either the (5-1-1) 
NCOS theory or ODl theory we must show that these two theories may be identified 
with the parametric relations Go = Ga(i) and = a'^^ / Gl(^-^y In other words, the strong 
coupling region of NCOS (ODl) theory must get mapped to the strong coupling region 
of ODl (NCOS) theory or the weak coupling region of one theory must map to the weak 
coupling region of other theory. We will try to see whether at the level of supergravity 
dual we can make this identification. However, note that the same ODl limit (|3.11| ) and 



"will not do the job and we need to modify it by replacing Gq^^) — > l/G^f^-^y So, the 
ODl limit we take is the following. 

e ^ 0, cos^/; = e^O, sin(/? = [e^O, (4-12) 

keeping the following quantities fixed, 

o/ 6 T 

«efr = — , G'o(i) = — , u= (4.13) 
where a' = G^^^^^a'. The harmonic functions ( [4.6|) in this limit take the forms, 

^=1^' ^' = 7#^' H" = -^^, (4.14) 

where 6^ = Gl^-^^a'^^^ / N and g' = 1 + h'^v?. The supergravity configuration is therefore 
given as. 



. .7'V2 

ds 



.2 ^9 



r<2 



i=2 ^ 



(1) L ■ ~ 



ijQl — U , PnS — ^3, 

<^o(l) <^o{l) 

Coi = eb^u\ Frr = -2Nda'^^e^, 

^2345 = (4.15) 

where the fixed coordinates are defined as, 

^O'l = G„(i)a;°'\ and a;2,...,5 ^ ^^2,...,5_ 
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By comparing ( ^.151 ) with the NCOS supergravity configuration ( [4.4| ) we find that the 
fields may be identified as the following, 



df = ds\ e^ = et X = -X, 5oi = -Coi, F^s = -Frr 

Cqi = Bqi, Fuji = F/vg, and C2345 = C2345, (4-17) 

if we impose the following conditions on the parameters of the two theories, 



'-^o *-^o(l) 

M = N, and / = -I. (4.18) 

Note that the second condition in ( |4.18| ) gives a relation between the energy parameters 
of NCOS theory (u) and ODl theory (m) as, 

11 

u = uGl^^), or u = —, (4.19) 

o 

very similar to the relation we have already found in ( p.l8| ). From ( [4.17] ) and ( [4.18| ), it 
might seem that we have been able to identify NCOS theory woth ODl theory implying 
that we have been able to show the self-duality conjecture at the level of supergravity 
dual. However, this is not true. In fact if we look closely to the first condition in ( [4.18| ), 
we find that it implies^ 

h" ^ 1, and / = (4.20) 

h" ^ 1 implies a^-u^ ^ 1 or in other words, the above identification can be made only if 
the energy parameter in the NCOS theory satisfies 

^ « -rn-2- (4-21) 

Note that this does not necessarily imply that h' ^ 1 also since = a'^g/lMG"^). But 
from the expression of e"^ in ( [4.4|) i.e. for NCOS theory, we find that precisely in the energy 
region (^4.21|) , it blows up indicating that the supergravity description breaks downQ This 



^If we do not separate the condition as given below in eq.( |4.2Cl| ), then this impUes that the field 
identification (|4.17D can be made only at a single value of the energy given by u'^ — —r^^ — 



Even in this case the effective coupling e"^ does not remain small since e"^ <C 1 3> tt^^tjt- So 

cff o 

supergravity description can not be trusted. 

^The condition /i" « 1, /i' ,6 1 can be satisfied if <C 1 i.e. in the weak coupling region of NCOS (or 
ODl) theory. But note that for ^ 1, h" and h' get interchanged and we have h' k, 1, h" ^ 1. Thus 
we still get the mapping of NCOS and ODl fields with h" and h' interchanged and the same conclusion 
holds for this case. 
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clearly shows that the identification of NCOS and ODl theory can not be made at the 
level of supergravity dual and therefore in order to test the self-duality conjecture some 
non-perturbative techniques may be required. However, we would like to remark that 
since we have been able to map the fields of NCOS theory with those of ODl theory 
as expected from various low energy arguments mentioned in the introduction, it might 
be possible that the supergravity description remains valid even in the strong coupling 
region (where e"^ ^ 1) due to some underlying non-renormalization effect. But we can 
not justify the validity of such remark any further at this point. 

5 (F, Dl, NS5, D5) solution with irrational xo, NCOS, 
ODl limits and SL{2, Z) duality 

In this section we will study the (F, Dl, NS5, D5) supergravity configuration for irrational 
Xo and obtain both NCOS and ODl hmits. Since type JIB string theory is believed to 
possess an SL{2, Z) invariance and (F, Dl, NS5, D5) state is SL{2, Z) invariant, we also 
discuss the SL{2, Z) transformation of both these theories. 

(V w \ 
, where w, r, s are in- 
r s j 

tegers with vs — rw — 1, the various fields of type IIB supergravity transform as, 

E E VT + W 

^ ^ rr + s 

C4 ^ C4, (5.1) 

where g^^^^ is the Einstein metric and t — The explicit transformation of the 

dilaton and the axion are 

= |rr + s|V = |A|V 
. _ {vx + w){rx + s)+ vre~'^'^ 
\rT + sf 

and the string frame metric g^i, — e'^^^g^^, transforms as, 

ds'^ = \X\ds'^, (5.3) 

where we have defined |A| = |rr -|- s|. If we demand that the transformed metric be 
asymptotically Minkowskian then 

ds^ = j^ds\ (5.4) 

An 
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In the above I An 



1/2 



|rro + s| = (rxo + + r^e"^"^" ' , with e'^° = gs, the closed string 
couphng and Xo; the asymptotic value of the axion. We will use these transformations to 
study the SL{2, Z) duality of the decoupled theories. 



5.1 NCOS limit and SL{2, Z) duality 

The supergravity solution is given in where the harmonic functions are now of the 

forms, 



H'=l 



cos sin (pr"^ ' 
{M - xoN)gsa' cosijj 



sin ipr"^ 



jj" = 1^ {M-XoN)gsa' cosV 
cos ip sin Lfr"^ 



In the NCOS decoupling limit ( p.4|) and (|4.1| ), they reduce to 

1 , h' I, h" 

H = r, r, r,, H = , H = ^ , (5-6) 

where = a^ff/((M - XoN)Gl), h' = 1 + a^u'^ and = a'^s/{{M - xoN)Glf), h" = 
1 + a^u"^. Note that the parameters a and d here have different values from the previous 
sections. Using ( ^.1|) and the decoupling limit (|3^ ) and ( |4.1|) we get the metric, dilaton 
and axion from eq. ( |2.1| ) in the following form|] 



i=2 « 



where x"'^' - '^ are the same as given in ( |3.7| ). This is the gravity dual of NCOS theory 
when xo is irrational. 

In order to make an SL{2, Z) transformation on this configuration we need to calculate 
|A| first. From the forms of and x ( p-7| ), we get 

l^l=^Xo + . + ^U^, (5.8) 



^ Since the forms of the metric and dilaton essentially determine the nature of the decoupled theory, 
we will not give the explicit forms of other fields. The axion is required for the SL{2, Z) transformation. 
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where h" = 1 + a^u^ . The parameter a? is defined in terms of a? as follows, 

c? = ^ + (5.9) 

rxo + s + 4 

Substituting |A| (given in ( p.8|) ) and noting that |Ao| = {rxo + s) for NCOS limit we find 
the SL{2, Z) transformed metric from (|5.4|) as, 



ds^ = eih'^/''h"^'^ 



5 



(M-XoiV)«^f 



i=2 « 

(5.10) 

Similarly the dilaton can be obtained from (|5.2|) as. 



(5.11) 



where we have defined the SL{2, Z) transformed parameters Gl, I, a'^g and (M — XoN) 
as follows, 

[rXo + s) 

«eff = (^Xo + ^)«^ff, (M - XoN) = ^^~ f . (5.12) 

('^Xo + s) 

Comparing (|5.10|) and ( ^.11| ) with the metric and dilaton in ( ^.7|) we find that they have 
precisely the same form and thus we conclude that when xo is irrational an SL{2, Z) 
transformation on NCOS theory gives another NCOS theory with different parameters 
related to the old parameters by eg. ( ^.12] ). 



We would like to make a few comments here. First of all, note that the scaling 
parameter e which is equal to cosip is SL{2, Z) invariant and so, the coordinates x^^^'---'^ 
have the same form as the original NCOS gravity dual configuration in ( ^.7|) . Also, the 
parameter as well as h" transforms under SL{2, Z) according to ( |5.9| ) while and h' 



are SL{2, Z) invariant. This can be understood from (|2.2| ) since H and H' are SL(2, Z) 
invariant, but H" is not. Also note that the parameter I which is proportional to cosip is 
not SL{2, Z) invariant, but transforms according to eg. ( |5.12| ). Furthermore, we point out 
that the combination {M — xoN)a'eQ is SL{2, Z) invariant, but separately they transform 
according to ( p. 12] ). From the transformation of xo, it can be easily checked that if we 
start with an irrational xo, the transformed NCOS theory will also have irrational xo- The 
relations between the coupling constants and the length scales of the two NCOS theories 



are also given in ( |5.12D . Lastly, we observe from eq. (|5^ ) that there are two special cases 
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which may arise. Case (a) {rxo + s) = i.e. xo is rational. In this case, the transformed 
theory (|5.10| ) and reduces to ODl theory as expected and studied in section 4. 

Case (b) (rxo + s + ^) = 0. In this case, the parameter / of the transformed theory (/) 
vanishes, which means cosy? vanishes. This is precisely the NCOS theory we obtained as 
the decoupling limit of (F, D5) configuration studied in subsection 3.1. 



5.2 ODl limit and SL{2,Z) duality 

We have seen in the previous subsection that when xo is irrational an NCOS theory 
will always go over to another NCOS theory with different parameters under SL{2, Z) 
transformation. This will not be true for ODl theory as we will see in this subsection. 
Again we start with the supergravity configuration in ( |2.1| ). Under the ODl decoupling 
limit eqs.( p.ll] ) and (|4.5| ) the harmonic functions take the forms, 

Na' 1 



H = l + 



H'-- 
H" 



1 + 



cos COS ifjr"^ 
cos TpNa' f 



1 + 



cos ipr^ 
cos ipNa' 



9 ~9 ' 



(5.13) 



cos^/t^ 

Note that in this case the harmonic functions have exactly the same forms as in the case 



of ODl theory with rational xo given in eq.( [4.7|) . Of course, the explicit form of the angle 
cosy) in eq. (|2.3|) is different in this case. The parameters and /' are as defined before. 
The metric, dilaton and the axion in the decoupling limit have the forms, 

5 



(1) 



^^idu^ + u''dn\) 



i=2 



U 



cu 



X 



^o(l) 



+ Xo- 



(5.14) 



The coordinates ' are the same as in ( p.l4| ). For SL{2, Z) transformation we calcu- 
late lAI as before and it has the form 



lAI 



where we have defined 



rXo + s + 



rl 



<-o(l). 



1 + 



rl 



o(l) 



f 



1/1/2 



(5.15) 



2 ^4 



(5.16) 
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Now if we define new parameters / and c by the following relations 

/ ~ \ ^ 

2,2 / 

r I = \ rxo + s + 



(1), 



/2' 



(5.17) 



then /" in eg. .161 ) becomes /" = 1 + c^v? and the SL{2,Z) transformd metric and 
dilaton become 



5 

E 

1=2 



f" 



(5.1^ 



where we have scaled the coordinates ' ^/rx'^'^'^^^'^ . Now comparing ( |5.18| ) with 
the metric and dilaton given in eq.(|4.4|) we notice that if the energy parameters u and 



u satisfy the same relation given in (|3.18| ) then we get precisely the NCOS supergravity 
configuration in ( ^4.4| ). The parameters of these two theories are related as, 

(5.19) 



G ^ 



r^2 ■ 
<^o(l) 



and 



o"eff 



One thing to notice here is that, we started out with an ODl theory with irrational Xo 
but after SL{2^ Z) transformation we get an NCOS theory with rational^Xo (since ( 5.18 



is the NCOS supergravity configuration for rational xo)- Also, since NCOS theory with 
rational Xo is S-dual to ODl theory with also rational xo (discussed in section 4), so ODl 
theory with irrational xo ^"^^ rational Xo are equivalent. 



6 (F, Dl, NS5, D5) solution, OD5 limit and SL{2,Z) 
duality 

So far we have seen how NCOS and ODl theory arise from the decoupling limit of (F, 

Dl, NS5, D5) supergravity configuration and studied various properties of them. In this 

section we will discuss 0D5 limit i.e. how 0D5 theory also arises from a decoupling limit 

of the same supergravity configuration. We will first consider 0D5 limit for rational Xo 

(Xo = 0) and study S-duality and then consider the same limit for irrational Xo (Xo 7^ 0) 

and study the general SL{2, Z) transformation properties as in the previous sections. 

^This can also be understood from the SL{2, Z) transformation of xo and gs given in ( |5.2| ) for ODl 
limit. 
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6.1 OD5 limit for rational xo ^^id S-duality 

Since xo is rational we can set it to zero by an SL{2, Z) transformation. So, the supergrav- 
ity solution we take is (|2.1|) with Xo = 0. 0D5 limit is taken by defining a dimensionless 
scaling parameter e with cosip = e — > 0, keeping the following quantities fixed, 

ttgg = — , G„(5) = eg,, u = -zrj-, cosip = 1 = finite < 1. (6.1) 

In the above G^^g-) is the coupling constant of 0D5 theory and is the length scale. 
Note that the scaling parameter e and the parameter I above have nothing to do with the 
parameters defined in the earlier sections. Also the case I = 1 corresponds to = (see 
eq. (|2.3|) ) and so (F, Dl) strings are absent and this case has already been studied before 
in ^, |19|. In the decoupling limit ( |6.1| ) the harmonic functions take the forms, 

Na' 1 



H = l + 
H' = 1 + 



cos (f cos ipr"^ (Pe^u^^ 
cosipNa' 1 

cos V?r2 J2g2y2 ' 



„ cos^Na' F" 

coszi'r"' a'^'U^ 

where (P = a'^gl/N, dP = a'^^/i^Nl) and F" = 1 + d?v?, with representing the number 
of NS5 branes. Therefore, dd = a'^s/N and d/d = I. The gravity dual configuration of 
0D5 theory obtained from ( p.l|) is 



ds'' = eF'"/^ 



idxy + Y.(dx'f + (du^ + u'dnl 

i=i 



Gl,,F" 1 



du ' ^ 



I 



t 



Coi = ^ ^ Frr = -2Ma'e3, 



^"2345 — — 7^2 — ' (^•'^) 



'0(5) 

where the fixed coordinates are defined as 



i^'-'S = (6.4) 
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where M is the number of D5 branes. This is the gravity dual description of 0D5 theory. 
The S-dual configuration of 0D5 theory can be obtained using the general relations given 
in (|4.9|) . We calculate |A| = [x^ + e"^*^]^/^ from ( |6.^ ) for this purpose as, 

l-^l = p//i/2r^2 • (6-5) 

Also insisting that the transformed metric be asymptotically Minkowskian such that ds^ = 
(|A|/|Ao|)(is^, with |Ao| = e/G^^g-,, we get the S-dual configuration as, 



i=i « 



X = -G^(5) = -^ = a rational no.. 



Bqi — — Coi, Fns — ~Fi 



RR, 



Coi — Bqi, Fru — Fns, 



C2345 — C'2345- (6.6) 

We note from above that in the UV, e*^ <^ 1 and for ^ 1, the curvature remains 
small and therefore we have a valid supergravity description. By comparison ||2^, we 
find that this is precisely the supergravity dual of LST, where the closed string coupling 
Qs = ^/Gl(5) and a'^^ = finite (the length scale of LST). Thus we conclude that 0D5 
theory goes over to LST under type IIB S-duality. 



6.2 OD5 limit for irrational xo ^^id SL{2,Z) duality 



In this case xo 7^ in the (F, Dl, NS5, D5) bound state given in ( p.l| ). Under 0D5 limit 
( |6.1|) , the harmonic functions take exactly the same form as given in (|6.2| ), although the 
explicit form of cosip is different for this case. So, the metric and dilaton have exactly 
the same form as in ( |6.3| ), but the axion is modified to include xo term^ So, 

1 



X 



+ Xo- 



The SL{2, Z) transformation of various fields are given in (|0 
we calculate, 



lAI 



rr + s\ 



^0(5) 



Plll/2 
pill/2 ■■ 



(6.7) 
For this purpose 

(6.8) 



^Here also we do not give the explicit forms of other gauge fields since we will only indicate the nature 
of the SL{2, Z) transformed theory. 
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where F" = 1 + d u . The parameter d is given in terms of d as, 



d 



72 



G 



o{5) 



(6.9) 



The SL(2, Z) transformed metric and dilaton can be obtained from ( |5.4|) and 

ds^ = iP"'/^ 



1 as, 



i=l 



/y2 T?lt 

du 

where the SL{2, Z) transformed parameters are given as. 



(6.10) 



rXo + s + 



'^0(5) 



{rXo + s) 



a 



{rXo + s) 



N 



rXo + s + 



{rXo 



off 



A2 
^o(5) 



o{5) 



eff5 



rXo + s + 



r^2 



(rXo + s)G^(5)-(6.11) 



Comparing ( |6.10| ) with the metric and dilaton in ( |6.3| ), we find that they have exactly 
the same form and therefore we conclude that for xo = irrational an 0D5 theory goes 
over to another 0D5 theory under SL{2, Z) transformation. Notice that since I = cosip 
is SL{2, Z) invariant the coordinates x^'i' - 'S remain the same in the two 0D5 theories. 
However, the scaling parameter e = cosy? transforms according to ( |6.11D . Also, since H 
and H' are SL{2, Z) invariant, so both d and d must transform in the same way as given 
in ( |6.9| ) and e must transform in the opposite way to d and d as obtained in (|6.11|) . The 
combination Na'^f^ is SL{2, Z) invariant. The coupling constant G^j-^^ and the length scale 
of the SL{2,Z) transformed 0D5 theory are given in ( |6.11D . From eq.( |6.8| ) we find 
that when rxo + s = i.e. when xo is rational, the SL{2, Z) transformed configuration 
( |6.10| ) reduces precisely to LST studied in the previous subsection as expected. However, 
^Xo + s + r/Gl(^^^ can not be zero in this case because that would imply e to be exactly 
equal to zero and there would be no scaling parameter to obtain a decoupled theory. 



7 Conclusion 

To summarize, starting from an SL{2,Z) invariant bound state (F, Dl, NS5, D5) of 
type IIB supergravity we have shown how to take various decoupling limits leading to 
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the supergravity duals of NCOS theory, ODl theory and 0D5 theory. The decoupled 
theories obtained in this way are in general different from those obtained by taking low 
energy limits on (F, D5), (Dl, NS5) and (NS5, D5) separately in the sense that their 
field contents are different. As a result, the decoupled theories or their supergravity 
duals can be subjected to the full SL{2, Z) duality of type IIB supergravity. We have 
studied the SL{2,Z) transformation properties of various (5+1) dimensional decoupled 
theories obtained from this bound state. The asymptotic value of the RR scalar or 
axion present in the supergravity configuration is crucial to determine the behavior of 
the decoupled theories under the SL{2, Z) transformation. We found that when xo is 
rational the general NCOS and ODl theories are related by the strong-weak duality 
as obtained before in the special cases i.e. for (F, D5) and (Dl, NS5) solutions in 0, 
rT|. But when xo is irrational NCOS theory gives another NCOS theory with different 



values of the parameters. However, for ODl theory we surprisingly found a different 
conclusion that even for irrational XO) ODl theory goes over to an NCOS theory under 
SL{2, Z) transformation. This shows that ODl theories with rational and irrational Xo are 
equivalent. We have also addressed the question of self-duality of both (5+1) dimensional 
NCOS and ODl theories in this context. We have been able to show the self-duality 
only in the region where the coupling constant blows up and the supergravity description 
breaks down. We mentioned that this result can be interpreted in two ways. It can 
either mean that the self-duality conjecture can not be tested at the level of supergravity 
dual or it can be taken as a supporting evidence for the self-duality conjecture if the 
supergravity description somehow remains valid in the strongly coupled region due to 
some underlying non-renormalization effect. For completeness, we have also studied the 
SL{2,Z) transformation on 0D5 theories. Here we found that for rational Xo? 0D5 is 
related to LST by the S-duality of type IIB theory, but for irrational xo, 0D5 theory 
gives another 0D5 theory with different values of the parameters. In conclusion, we point 
out that since type IIB string theory is believed to possess an SL{2, Z) symmetry, by 
working with the SL{2,Z) invariant supergravity configuration, we have been able to 
access the full SL{2,Z) group of transformation to relate various decoupled theories in 
(5+1) dimensions. 
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